Abstract. According to the work of Dennis Sullivan, there exists a smooth flow on the 5-sphere all of whose orbits are periodic although there is no uniform bound on their periods. The question addressed in this article is whether these type of examples can occur in the partially hyperbolic context. That is, if does there exist a partially hyperbolic diffeomorphism of a compact manifold such that all the leaves of its center foliation are compact but there is no uniform bound for their volumes. We develop some tools to attack the previous question and show that it has negative answer provided that (a) all periodic leaves have finite holonomy, or (b) the center foliation is one dimensional and and the center stable and center unstable manifolds containing a periodic leaf have cyclic fundamental group, or (c) when the partially hyperbolic diffeomorphism and its inverse are Lyapunov stable.
Introduction
Partially hyperbolic diffeomorphisms are a natural generalization of the well know hyperbolic systems, where besides the expanding and contracting directions one allows some center directions with some domination relation with respect the expanding and contracting ones. The presence of these center directions permits a very general type of structure, which makes the study of partial hyperbolic systems considerably harder than the study of its hyperbolic counterpart. Due to this generality however, partial hyperbolic systems appear naturally in different branches of mathematics, which together with the beauty of their complexity makes their study one of the most active research areas in dynamical systems today. We now give the definition. Definition 1. Let M be a closed compact manifold. A C 1 diffeomorphism f : M → M is partially hyperbolic if there exists a continuous splitting of the tangent bundle into a Whitney sum of the form
where all bundles are df -invariant, the bundles E s and E u have positive dimension, and a Riemannian metric · on M with the properties:
(1) For all x ∈ M , for all unit vectors v σ ∈ E σ x (σ = s, u, c)
Recall that for a matrix A its conorm is m(A) := inf{ Av : v = 1}. The bundles E s , E u , E c are the stable, unstable and center bundle respectively. We also define the bundles E cs = E c ⊕ E s and E cu = E u ⊕ E c , the center stable and center unstable bundles. The case when E c = {0}
corresponds to f being completely hyperbolic (also called an Anosov system). The set of partially hyperbolic maps on a manifold M is C 1 open in Dif f 1 (M ). See Theorem 2.15 in [HPS77] .
Remark 1. Even though our definition of partial hyperbolicity seems more restrictive to others in the literature (compare [HPS77] and [Pes04] ), it is equivalent in virtue of the results of N. Gourmelon [Gou07] . The degree of differentiability of the map f is an important issue when studying its properties (in particular its metric properties). However here we only need to assume that f is of class C 1 , and we will keep this assumption for the rest of the article.
We refer the reader to [Pes04] and [HHU07] for a more throughout introduction to partial hyperbolicity, and for the discussion of various examples.
Denote by I k = (−1, 1) k . To continue the discussion, we recall the concept of foliation and state the important Stable Manifold Theorem. (1) Each atom L x of F is a p = m − q dimensional immersed submanifold of M of class C r , which contains x. The atoms are called the leaves of the foliation. The intersection of a leaf L x with a set U ∈ U that contains x is called a plaque 1 through x and is denoted by P x .
(2) If x ∈ U then there exist unique a ∈ I q , b ∈ I p such that ψ U (a)(b) = x, and furthermore Im(φ U (a)) = P x . (3) If U ∩ U = ∅, consider the map φ U ,U : I q → I q defined by
Then φ U ,U is of class C s .
The number s is the transverse regularity of the foliation. If s ≥ 1 the foliation is said to be differentiable. The sets U are called foliation boxes.
This definition is equivalent to the one given by means of foliation charts, as presented for example in [CC00] . Sometimes C r,0 foliations are also called laminations in the literature. Compare Section 5 in [HPS77] and Section 4 in [Pes04] .
For a foliation F on M let T F denote the bundle
Definition 3. A bundle E on M is integrable if there exist a foliation F on M such that E = T F.
Theorem 1.1 (Stable Manifold Theorem). If f ∈ Dif f r (M ) is partially hyperbolic then the bundles E s , E u are integrable to C r,0 foliations W s = {W s (x)}, W u = {W u (x)} resp. called the stable and the unstable foliations. The leaves of these foliations are homeomorphic to Euclidean spaces of the corresponding dimension.
See [HPS77] , Theorem 4.1. We point out that the foliations W s , W s are seldom differentiable ( [Ano67] , pag. 201). Their transverse regularity is Hölder in general [PSW97] . The integrability of the center bundle E c , on the other hand, cannot be always guaranteed as the example in [Sma67] shows (see also [HHU] ). Establishing necessary and sufficient conditions that guarantee this property remains one of most important problems in the area. Some partial results in this matter can be found in [HHU08] , [BW08] and [BW05] . Let us also point out also that for the majority of the known examples the center bundle is integrable. A less studied type of question is the following: assume that the center bundle integrates to an invariant foliation W c . What type of geometrical and topological properties does W c have? Do these geometrical and topological properties lead to dynamical properties? These types of questions are the ones addressed in this article. We discuss the case where W c is a compact foliation, meaning that all leaves of W c are compact. The prototypical example in this situation is the well known (and extensively researched 2 ) class of skew products and their perturbations. In those cases the structure of the center foliation is simple: it is a trivial fibration by compact leaves. One is led to ask about the similarities and differences of a general partial hyperbolic system with compact center foliation with respect to skew products, and in particular whether the center foliation has a simple form.
As will be explained in section 2, for a compact foliation on a compact manifold the most important property is the existence a uniform upper bound for the Riemannian volume of the leaves.
Definition 4. A compact foliation F on a compact Riemannian manifold M is called uniformly compact if the function vol : M → R + which assigns to each point x the Riemannian volume of the submanifold L x ⊂ M is uniformly bounded from above, i.e.
sup{vol(L) : L leaf of F} < ∞
The striking counterexample of D. Sullivan [Sul76] shows that not every compact foliation is uniformly compact. If the foliation is uniformly compact then its local structure is simple (See [Eps76] and Section 2), and this permits some hope for classifying them. On the other hand, it is known that for non uniformly compact foliations the geometrical possibilities are very intricate. See [Vog77] .
We now state our main theorems. We will work with the natural class of dynamically coherent diffeomorphisms.
Definition 5. A partially hyperbolic diffeomorphism is dynamically coherent if the bundles E c , E [HHU] .
Theorem A. Let f be a dynamically coherent partially hyperbolic diffeomorphism whose center foliation W c is compact.
It follows by definition that for a given center leaf L the submanifolds W s (L) and W u (L) are saturated by the corresponding strong foliation (either W s or W u ). The condition of being saturated by the center foliation however, is much more subtle.
Definition 6. The submanifolds W s (L) and W u (L) are said to be complete if they are saturated by the center foliation. The center foliation is complete if for every center leaf L the submanifolds W s (L) and W u (L) are complete.
In Section 6 we will discuss the concept of completeness of the center foliation and its relation with uniform compactness. In particular we will prove: Theorem B. Let f be a partially hyperbolic diffeomorphism with compact center foliation W c and assume that for every f -periodic center leaf L the submanifolds W s (L) and W u (L) are complete. Then W c is uniformly compact.
In section 7 we will study one dimensional compact center foliations, and we will investigate the structure on center stable and center unstable leaves corresponding f -periodic leaves. This study will allow us to deduce the following.
Theorem C. Let f be a partially hyperbolic diffeomorphism with one dimensional compact center foliation W c . Assume that for every f -periodic center leaf L the fundamental groups of L cs , L cu are cyclic. Then W c is uniformly compact.
We denote by len the Riemannian length of a rectifiable curve.
Definition 7. A partially hyperbolic diffeomorphism f : M → M is called Lyapunov stable (in the center direction) if given > 0 there exists δ > 0 such that for every C 1 curve α tangent to E c such that len(α) < δ it holds ∀n ≥ 0, len(f n α) < .
It is a result of F. Rodriguez-Hertz, J. Rodriguez-Hertz and R. Ures (Corollary 7.6 in [HHU07] : see also Thmeorem 7.5 in [HPS77] ) that if f and f −1 are Lyapunov stable then the bundles E cs , E cu are integrable. If moreover the bundle E c is assumed to integrate to an invariant foliation then f is dynamically coherent.
Theorem D. Let f : M → M be partially hyperbolic diffeomorphism with invariant compact center foliation W c and such that f and f −1 are Lyapunov stable. Then W c is uniformly compact.
The organization of the rest of this article is as follows. In the second section we will go over some preliminaries about compact foliations. We continue in the third section with a discussion of sets consisting of leaves where the volume is not locally bounded (bad sets). The fourth section is is devoted to careful analysis of the holonomy of the center foliation, and in particular of the holonomy of periodic center leaves. We use these results in the fifth section to give a proof of Theorem A. In the sixth section we explore the geometric concept of completeness and we relate it with uniform compactness, and we prove Theorem B. Later in the seventh and eighth sections we use the developed machinery to prove Theorems C and D. We conclude with a section discussing some consequences of uniform compactness for a center foliation, and we include an Appendix with the proof of Reeb's Stability Theorem for the type of foliations discussed in this article.
Holonomy and Compact Foliations
In this section we recall the important concept of holonomy and we state some facts about compact foliations that will be used during the article. When considering foliations, sets consisting of whole leaves appear naturally.
Throughout this section M is a compact manifold, F is a codimension q compact foliation of class C r,0 on M and E ⊂ M is a locally compact saturated set. Fix a leaf L x ∈ F. Since the leaves of
is a local embedding, and thus by continuity if y is sufficiently close to x then p L (W ∩L y ) = L. From this one can deduce the following (see Proposition 7.1 in [Eps76] or Proposition 4.1 in [EMS77] ).
In particular vol|E is lower semicontinuous. Definition 9. The holonomy group of L x at x is the group of germs
Consider a continuous loop
For points x ∈ E, the restricted holonomy group G x |E is defined similarly using the germs of the maps h|E.
For another (equivalent) definition of the holonomy group see [PSW12] . It can be shown that changing the basepoint x or changing the transversal D(x) to another smooth transversal T (x) both lead to conjugated holonomy groups. For this reason sometimes the holonomy group of a leaf is identified with a subgroup of the group of germs at zero of R q .
Definition 10. Let x ∈ E. The leaf L x is said to have finite holonomy (trivial holonomy) in E if the corresponding holonomy group G x |E is finite (trivial).
If a leaf L x has finite holonomy then its local structure is simple.
Theorem 2.3 (Reeb's Stability Theorem). Let E be a locally compact saturated set of a foliated manifold M . Let x ∈ E such that its leaf L x is compact and assume that G x |E is finite. Then there exist arbitrarily small relatively open sets U ⊂ E such that (1) U is saturated.
(2) For every y ∈ U the map p| : L y → L x is a covering map with less than equal |G x |E| number of sheets. In particular for every y ∈ U the group G y |E is finite.
The version given above is due to C. Ehresmann and W. Shih [ES56] . Its proof depends on the existence of tubular neighbourhoods on the leaf L x . This result is discussed in the Appendix.
Local Model -In the setting discussed in Reeb's Stability Theorem, fix one of the sets U and let V = D(x) ∩ U . Since U is saturated the group homomorphism π 1 (L x ) → G x |E that assigns to each loop based at x the germ of the corresponding homeorphism can be split as
where Homeo x (V ) is the group of homomorphisms of V that fix x. Denote by L the covering space of L corresponding to the subgroup Ker(ψ) and let H = Im(ψ). Then H π 1 (L, x)/Ker(ψ) is isomorphic to the Deck transformation group of L, and thus acts with the product action on the space L × V . This action is free and properly discontinuous, hence the quotient map Theorem 2.4 (Local Model). In the hypothesis of Reeb's Stability Theorem each set U is homeomorphic to the set of the form L × H V by an homeomorphism which sends the leaves of F to the leaves of H.
In particular follows that a uniformly compact foliation has a nice structure around each leaf. Now consider a locally compact saturated set E. It was first proved by D.B.A Epstein [Eps72] that the set of continuity points of vol|E coincides with the points x ∈ E with trivial holonomy. Since a lower semicontinuous function is continuous on a residual set, and residual subsets of locally compact spaces are dense we obtain (compare [EMT77] ).
Corollary 2.5. Let E be a locally compact saturated set in a foliated manifold M . Then the set of points x ∈ E with trivial holonomy is an open and dense set subset of E.
Equivalent definitions of uniform compactness. The following three Propositions give a useful list of equivalent definitions to uniform compactness. For the proof we refer the reader to [Eps76] . Proposition 2.6. Let E be a locally compact saturated and x ∈ E. Then G x |E is finite if and only if vol|E is locally bounded at x (meaning that there exist a neighborhood U ⊂ E of x such that vol|U is bounded).
Thus the foliation F is uniformly compact if and only if for every x ∈ M the the group G x is finite.
Denote by π E : E → E/F the canonical quotient map.
Proposition 2.7. The following properties are equivalent.
Every leaf L ⊂ L has arbitrarily small saturated neighbourhoods in E. (4) For every K ⊂ E compact, its saturation is compact.
Proposition 2.8. Assume that for every x ∈ E the group G x |E is finite. Then E/F is Hausdorff. Conversely, if the set E is a manifold and E/F is Hausdorff then every leaf in E has finite holonomy in E.
One of the aims of this article is to provide further equivalent conditions for a compact foliation to be uniformly compact in the case where the foliation is assumed to be the center foliation of a dynamically coherent partially hyperbolic diffeomorphism. In particular we establish that in this case uniform compactness is equivalent to the fact that every leaf which is periodic under the dynamics has finite holonomy (Theorem A). See also Theorem 6.8.
We Theorem 2.9. Let G be a group that acts effectively on a connected manifold N by homeomorphisms and such that every point has a finite orbit. Then G is finite.
Historical Remark: The history of the problem of deciding whether every compact foliation is uniformly compact goes back to G. Reeb who gave in his thesis an example of a flow on a noncompact manifold whose orbits were all periodic, but the time of return (i.e., the volume of each leaf) was not locally bounded. This example led A. Haefliger to ask if in a compact manifold the time of return was necessarily bounded, or, equivalently, if there could be an example of a compact manifold with a compact foliation having locally unbounded volume. Later D.B.A. Epstein with a very intricate argument showed that in a compact three manifold this phenomenon could not happen (see [Eps72] ). However in 1976 D. Sullivan gave an example of a compact flow in S 5 where the time of return was not bounded ( [Sul76] ), and a similar type of example was given by D.B.A.
Epstein and E. Vogt in a manifold of dimension 4 ([EV78]).
3. Bad Sets.
We now study more carefully the sets of leaves with infinite holonomy, and for that we will use the Epstein filtration of Bad Sets (see [Eps72] ). The definition is as follows.
Definition 11. Consider a compact foliation F on a manifold M . The Epstein filtration of bad sets is the family {B α } α indexed by the ordinals, where B 0 = {x ∈ M : |G x | = ∞} and for α > 0
The sets B α are called the bad sets of the foliation.
For the rest of this section we fix a compact foliation F on a compact manifold M with Epstein filtration {B α } α . We collect in the next Proposition some facts about the Epstein filtration (c.f. [Eps72] ). Because of the central role that it plays in our arguments, and for convenience of the reader, we give the proof.
Proposition 3.1. The following properties hold.
(1) Each B α is a compact saturated set.
(2) If β < α then B β ⊃ B α is nowhere dense. (3) There exist a successor ordinal α less than the first uncountable ordinal such that B α−1 = ∅, B α = ∅. We will write B end := B α−1 . (4) For every ordinal α, the set B α \ B α+1 is a locally trivial fibration with fibers the leaves of
In particular the set B end is a compact locally trivial fibration with compact fibers.
Proof. The first and the second part follow directly from Corollary 2.5 (we emphasize that M is compact otherwise we could only assert that B α is closed).
For the third part, assume for the sake of contradiction that there exist an uncountable ordinal such that the corresponding bad set is non-empty. Let Ω be the first uncountable ordinal, and for each α < Ω choose a point x α ∈ B α \ B α+1 . The set X = {x α } α<Ω is uncountable, and since the manifold M has a countable basis it follows that there exist some α 0 such that x α0 is an accumulation point of X, and moreover each neighbourhood of x α0 has uncountably many points of X (see for example [Kel75] chap. 1). There exist countably many ordinals smaller that α 0 so in particular each neighbourhood of x α0 contains points x α with α > α 0 . This is a contradiction because the set B α0 \B α0+1 is open in B α0 . Observe that since the intersection of nested non-empty compact sets is non-empty, α cannot be a limit ordinal.
The last part is a consequence of Theorem 2.4.
On the other hand, the next Lemma shows that B α+1 is precisely the obstruction for F|B α to be a locally trivial fibration. Compare Section 1 in [Vog94] .
Lemma 3.2. Consider a bad set B α , a point x ∈ B α+1 and define X α = B α \ B α+1 ∪ {L x }. Then F|X α is not a locally trivial fibration.
Proof. Since x ∈ B α+1 its holonomy group G x |B α is not trivial. Consider the disc bundle p : W → L x as discussed in the previous section, and note that in a fibration the volume is essentially locally constant. Hence, it suffices to show the following.
Claim: In each neighbourhood U ⊂ B α of x there exist points y ∈ U ∩ B α \ B α+1 such that p|L y → L x is more than 2 to 1.
Fix one of such neighbourhoods U and observe by Lemma 2.1 that one can find some neighbourhood V ⊂ U with the property that for all y ∈ V, p : L y → L x is k to one with k ≥ 1. Since G x |B α = {0}, there exists some y 0 ∈ V such that the projection is k to 1 with k > 1. If y 0 B α we are done. Otherwise, by Corollary 2.5, arbitrarily close to y 0 there exist points y ∈ B α \ B α+1 . Observe then that for those points, their leaves have to intersect p −1 (x) at least as many times as L y0 does, hence p : L y → L x is also more than 2 to 1 and we finish the proof.
Remark 2. It would be interesting to prove that X α is never locally compact, or what it is equivalent, that x has a neighbourhood U ⊂ B α such that U ∩ B α+1 = L x . That is probably never the case, but I do not know any argument to prove it.
Holonomy of f -periodic leaves.
Let us go back to the study of a partially hyperbolic diffeomorphism f : M → M whose center bundle E c integrates to a compact foliation W c . As we explained in the previous section, the study of the holonomy of the leaves of a compact foliation plays a principal role in their study. Since we are studying foliations preserved by a map, it is natural to center our attention to the leaves which are periodic under that map. We discuss the holonomy of such type of leaves in this section.
Given a point x ∈ M and a positive number γ > 0 we will denote by W 
are immersed submanifolds tangent to E cs , E cu respectively. This is achieved by considering the immersion of the disjoint union of all iterates of L into the manifold. In fact, since our foliation is compact, we could consider the immersion of the disjoint union of all center leaves into the manifold and apply the same result. This also follows by a mild modification of Proposition 3.4 in [BBI04] .
If L ∈ W c is a leaf, observe that
open (with the induced topology).
Standing hypothesis for the rest of the section: f is a dynamically coherent partially hyperbolic diffeomorphism with compact center foliation W c of codimension q.
Coordinates on transverse discs -In the definition or partial hyperbolicity the metric used can be assumed to make the bundles E c , E s and E u mutually orthogonal [Gou07] . From dynamical coherence then it follows that we have local product structure: there exist some r > 0 such that if we denote by
y contains a center plaque of diameter bigger than equal to r. See section 7 of [HPS77] .
In particular if D is a small q-dimensional transverse disc to W c centered at x and y ∈ D there exist uniquely defined points y
is an open embedding, and thus define a continuous system of coordinates on D (see figure 1) .
Definition 12. For a point x ∈ M the stable holonomy group of the leaf L x is the group G For a set S let |S| ∈ N ∪ {∞} denote its number of elements. We then have the following useful Proposition. 
Hence L is contained in the neighbourhood of L x where local product structure is defined. We deduce that there exist an open neighbourhood U of L and well defined projections pr u : U → A, pr s : U → B such that for each center leaf L ⊂ U the sets pr u (L ), pr s (L ) consist of a unique leaf. By using the coordinate system on D defined above, we obtain at that G x is finite and it is generated by the elements of the product
Remark 4. We observe that it does not follow that
As an example, take M the mapping torus of −Id on T 3 and let f : M → M be the map induced by A × Id : T 2 × [0, 1], where A is the usual Thom map. One readily verifies that f is partially hyperbolic, and that if L denotes the center leaf obtained by projecting
Corollary 4.2. Assume that E c has codimension one inside both E cs and E cu , then.
(1) The foliation W c is uniformly compact. Moreover, if both E c and its normal bundle E s ⊕E u are orientable then all center leaves have trivial holonomy. (2) There exist a finite covering f of f such that f fibers over a map g : T 2 → T 2 which is conjugate to a hyperbolic automorphism.
For the case dim M = 3 this Theorem was noted in see [BW05] (Proposition 2.12). Uniform boundedness also follows (in the case of a by C 1,0 foliation) by combining the results of [EMS77] and [Eps81] , although the arguments are much more sophisticated in the general case.
Proof. We use the following result of A. Haefliger (Theorem 3.2 in [Hae62] ).
Theorem. Let F be a C 1,0 compact codimension one foliation on a (not necessarily compact) manifold V that integrates a continuous bundle E. Then the saturation of a compact set is compact.
By Prop. 2.8 it follows that in this case each leaf of F has finite holonomy. Furthermore, since the holonomy maps are represented by local homeomorphisms of R, one can show that every holonomy group has order at most two, and in fact has order two precisely when it contains an element which changes the orientation of R.
Take x ∈ M and apply Haefliger's Theorem to the foliations W c |W cs (x) and W c |W cu (x) to conclude that G 
Holonomy and f -periodic leaves: proof of Theorem A
We keep the assumption of the previous section: f : M → M is a dynamically coherent partially hyperbolic diffeomorphism with compact center foliation W c . We are going to establish that W c is uniformly compact provided that the holonomy of every f -periodic leaf is finite (recall that by Proposition 2.6 a compact foliation if uniformly compact if and only every leaf has finite holonomy), and this implies Theorem A. I would like to offer my thanks to R. Ures for his aid in the proof of this result.
To carry this proof we need some preparations. For r ≥ 0 and a manifold N we denote by d C r the C r distance in Emb r (N, M ), the set of C r embeddings from N to M .
Definition 13. Let be a positive number. Two (embedded) submanifolds N 1 , N 2 of M are said to be C r --close if there exist a manifold N and two C r embeddings h i : N → M, i = 1, 2 such that:
The following Proposition is classical (c.f. Lemma 3.4 in [Man79] and compare Lemma 3.3 in [PS72] ). We present the proof of the version which we will use.
Proposition 5.1. Given > 0 there exists δ > 0 such that if L 1 , L 2 are two compact center leaves which are C 0 -δ close, then they are C 1 -close.
Proof. Consider a differentiable bundle N which is almost orthogonal to E c and such that T M = N ⊕ E c (i.e. a differentiable approximation to E s ⊕ E u ). For x ∈ M and α smaller than the injectivity radius of the exponential denote by N α (x) := exp x ({v ∈ T x N : v ≤ α}). From transversality we deduce the following:
Claim: There exist α > 0 such that for every x ∈ M , for every
, } and suppose that L 1 , L 2 are two compact center for which there exist embeddings h i : L → M, i = 1, 2 having image L 1 , L 2 resp. and whose C 0 distance is less than δ.
Claim: For every x ∈ L 1 the intersection N δ (x) ∩ L 2 is a unique point. Suppose for the sake of contradiction that there exist two different points
Remark 5. Note that in fact our proof gives that h is isotopic to h 1 , the isotopy being
For a leaf L denote (as we did in section 2) by p L : U L → L the s + u disc bundle transverse to W c and by
. Now assume that W c is not uniformly compact and consider the set B end discussed in Section 3. We remind the reader that this set is compact, non-empty, f -invariant and W c |B end is a locally trivial fibration. Hence, given > 0 there exist a finite family of leaves L i = L xi ⊂ B end , i = 1, . . . m with corresponding disc bundles p i : U i → L i and continuous maps φ i : terizes the leaf L x . Observe then that for x, y ∈ V i the maps φ i (x) and φ i (y) are C 1 --close. Recall that r denotes the local product structure of W c and observe that for every i, for every
Similarly, we obtain continuous maps φ
. We now fix i and to simplify omit the reference to the subscript when is not needed. Observe that if x, y ∈ V then the maps φ cs (x) and φ cu (y) are transverse. Hence, the intersection of their images W
We conclude that F is in fact a center leaf L z , and by Proposition 5.1 there exists a C 1 embedding ϕ : L → M such that ϕ is C 1 − close to both φ x and φ y . These facts also follow directly from Thom's Transversality Theorem. We have proved the following.
Lemma
Ures' important observation is that the set B end has global product structure for points in the same orbit, as explained in the next Proposition.
Proposition 5.3. Assume that B end = ∅ and consider the family of open sets given in the previous Lemma. Let y = f n (x) and assume that x, y ∈ U i . Then the point z(x, y) is also in B end .
Proof. By dynamical coherence, a small neighbourhood
Consider the ordinal α such that z ∈ B α \ B α+1 . We claim that α = end. Assume by the sake of contradiction that this is not the case. As
and since λ k δ ≤ δ, we deduce from Proposition 5.1 that for every k ≥ 0 the leaves f k L z and f k L x are C 1 − close. Proposition 2.6 now implies that the volume of the leaves of B end is uniformly bounded from above, hence we conclude
Now we observe the following.
Lemma 5.4. There exists a > 0 such that for every w ∈ B α \ B α+1 with vol(L w ) ≤ s there exist a subdisc E(w) ⊂ D(w) of radius bigger than equal to a for which
is trivial as a fibration (recall that by Prop. 3.1 the set B α \ B α+1 is a locally trivial fibration).
This can be seen as follows:
Proof. If w ∈ B α then there exists some a w > 0 such that the holonomy group G w |B α is represented by a group of homeomorphisms defined in the disc D aw (w). By Corollary 2.2, if w ∈ sat(D aw (w))∩ B α and vol(L w is sufficiently close to vol(L w ), then L w and L w are uniformly close. We conclude that there exist c w > 0 such that for all w ∈ D cw (w) ∩ B α , vol(L w ) ≤ s the holonomy group G w |B α is represented by a a group of homeomorphisms defined in the subdisc E(w ) ⊂ D(w ) of radius bigger than equal to aw 3 . From compactness of B α follows: Claim: There exist a > 0 such that if w ∈ B α , vol(L w ) ≤ s then the holonomy group G w |B α is represented by a a group of homeomorphisms defined in a subdisc of E(w) ⊂ D(w) of radius bigger than equal a.
If w ∈ B α \ B α+1 , vol(L w ) ≤ s then by the arguments explained in the Appendix, the set U w := sat(E(w) ∩ B α \ B α+1 is a trivial fibration. This concludes the proof of the Lemma.
Since the leaves f k L z and f k L x are uniformly approaching to each other, we conclude that for a high enough iterate one has f k L x ⊂ sat(E(f k L z )). Using that both sets B end and B α are f -invariant, it is not loss of generality to assume that k = 0 and we will do so in order of simplifying the notation. Let ψ : W := E(z) ∩ B α \ B α+1 → Emb 1 (L, M ) be a continuous map such that the family {ψ(w)} w∈W locally trivializes the fibration sat(E(w)) ∩ B α \ B α+1 , and define h :
From continuity of W c follows that h is continuous, and since L x ∩ ∂sat(∂E(w)) = ∅ we deduce that h extends the trivialization of W c ∩B α \B α+1 to W c ∩B α \B α+1 ∪{L x }. This is a contradiction in view of Lemma 3.2. Hence α = end and z ∈ B end as we claimed. Now consider the space X = B end /W c ; it is a compact, Hausdorff (c.f. Theorem 2.7) quotient space and thus it is metrizable (c.f. Prop. 17 in [Bou98] ). By a harmless use of notation we will use the same notation for points of X and leaves. A compatible metric in X is given by
Denote by g : X → X the induced map by f . By Proposition 8.2 in [HPS77] the map g is expansive, meaning: Definition 14. Let X be a compact metric space. A homeomorphism g : X → X is called expansive if there exist c > 0 (the expansivity constant) such that
From Proposition 5.3 and the previous considerations we obtain:
Corollary 5.5. Assume that X = ∅. Then there exist C X > 0 such that for γ > 0 sufficiently small it holds the following: if L, L ∈ X, and d X (L, L ) < γ then there exist a center leaf L satisfying
Theorem A is a direct consequence of the following Proposition. Proof. We will show that in this case the set B end contains a f -periodic leaf. This will be achieved by using R. Bowen's construction of shadowing (Prop. 3.6 in [Bow75] ) to prove that g has a periodic point.
It is enough to show that some power of g has a periodic point, thus it is not loss of generality to assume that C X λ < 1, where λ = df |E s . Let c be the expansivity constant of g and γ > 0 a small number which will be specified later. Since X = ∅ is compact, there exist n > 0 such that d X (L, g n L) < γ. Fix an integer k > 0 and consider the γ-pseudo orbit {F j } kn j=1 with
as follows. Set F 0 := L and assume that we have already determined F 0 , . . . , F j for hn ≤ j ≤ (h + 1)n, 0 ≤ h ≤ k, with
• If j < (h + 1)n − 1, let F j+1 := gF j . Observe that
• Suppose j = (h + 1)n − 1 and note that in this case
Assuming that γ is sufficiently small, we can use Corollary 5.5 to show that the leaf
. is well defined and F j+1 ∈ X. Note that
and hence we conclude the definition by recurrence of F j+1 , r j+1 .
, and observe that for every 1 ≤ j ≤ kn − 1 we have
γD (gF j ) Using triangular inequality and the previous equation, one establishes by recurrence that
We choose γ such that the right hand side term is smaller than c 3 . The procedure above described constructs for each k leaf L k such that for every 1
By compactness of X, we finally find a leaf L ∈ X which c 2 -shadows the bi-infinite sequence
Finally note that the leaf g n L also c 2 -shadows the same bi-infinite sequence of leaves, and thus by expansivity of g, g n L = L , i.e. L is g-periodic. The proof of the Proposition is complete.
Remark 6. With the same arguments one can establish that if B end = ∅ then B end has the shadowing property. The notation becomes more cumbersome, and since we will not use this fact in this article, we have opted to present the proof or the restricted version above.
Completeness of the Center Foliation
In this section we discuss the concept of completeness of the center foliation and we relate it with uniform compactness (c.f. Definition 6). We will work with a fixed partially hyperbolic diffeomorphism f : M → M whose center bundle integrates to an invariant compact foliation W c . For the time being we are not assuming a priori dynamical coherence. Some of the results of this section also hold without the assumption of compactness of W c (namely Propositions 6.1 and 6.2). In the case when f is dynamically coherent, for every Proof. Given a point x ∈ M consider the submanifold W s (L x ). As explained in the beginning of Section 4, it is an immersed submanifold of M tangent to E cs . By hypothesis, for every
} is a partition of the manifold M into C 1 submanifolds tangent to the continuous bundle E cs , and thus a foliation. By hypothesis its leaves are saturated by the center foliation. Invariance follows from the fact that both W c and W s are invariant. Similarly, the bundle E cu integrates to an invariant foliation whose leaves are saturated by the center foliation.
In principle it is not obvious at all that dynamical coherence imply completeness. The next series of results characterise when this is the case.
Proposition 6.2. Let f be a dynamical coherent partially hyperbolic diffeomorphism with (compact) center foliation W c and suppose that
Proof. It suffices to show that W s (L x ) is closed inside the center stable manifold where it is contained. Take a sequence (z n ) n in W s (L x ) converging to a point z ∈ W cs (x). Now consider an open set U such that W c |U is homeomorphic to the trivial foliation and let P z be the plaque through z. For n sufficiently large, z n ∈ U and hence there exist a stable manifold of a point in L x that intersects P z . Since it was assumed that W s (L x ) is complete, we conclude that
Remark 7. In the case of 3-manifolds the previous Proposition was proved in [BW05] .
We observe that in our setting (compact center foliations) completeness essentially means that "leaves do not escape to infinity". We make precise this idea with the following Lemma (whose proof is immediate).
, and in particular for every x ∈ L we have
We will in fact establish that completeness characterizes completely uniformly compact center foliations. We prove now some results concerning completeness of
, and assume that
Proof. We will show that for every x ∈ L, y ∈ L it holds
With no loss of generality assume that L is fixed under f , and consider the s
and in particular there exists a non-empty subset S ⊂ L such that
For z ∈ M we denote by d W s (z) the distance measured inside the stable manifold of z. From compactness of L we conclude
and hence, there exist some positive integer n such that f n L is contained in U . By transversality
Applying f −n we obtain the statement of the Proposition.
We investigate now the relation between the stable holonomy groups for leaves in the same center stable manifold. Here is where periodic leaves play a substantial role.
Proposition 6.5. Suppose that L x is a periodic center leaf, and
(2) The group G s y is finite. Of course, there is a similar statement for L y ⊂ W u (L). We first note the following general lemma:
Lemma 6.6. Suppose that L is a center leaf and denote by W the strong stable manifold of a point
Proof. Fix a finite foliation atlas A = {U i } k 1 of W c such that each U i has small diameter. If y ∈ L ∩ W \ {x} then for some positive n we have that f n (y) and f n (x) will be in the same cube of A. Now f n (y) belongs to the stable manifold of f n (x), and since f n (W ) is transverse to f n (L), we conclude that f n (x) and f n (y) are not contained in the same plaque of f n (L). Altogether, this implies that
where m = inf{vol(P ) : P plaque of the atlas A} > 0.
The same argument shows that if there are r points in L ∩ W then for some large enough n one has vol(f n (L)) ≥ rm. But vol(f n (L)) is bounded, so r cannot be arbitrarily big. Assume now that L is periodic, and denote by x 0 = x, . . . , x k the points in the intersection of L and W . Under iterations this points approach f n (x). But by transversality of W c , W s , these points are necessarily in different plaques of W c , so all have to coincide.
and consider x ∈ L x . By Proposition 6.4 we know that W s (x )∩L y = ∅: let y be any point in this intersection. Using the fact that W s sub-foliates W s (L x ) and the previous lemma, we can use the stable leaves to define a projection from a neighborhood of the point y inside L y to a neighborhood of the point x inside L x . It is a homeomorphism from one neighborhood to the other, which implies that L y is a covering of L x .
We want to show now that G s x is finite. To define the stable holonomy group we will use the transversal W = W s (x). The elements of G s x are represented by germs of local homeomorphisms g : W → W . Fix one of these maps, and recall that for y sufficiently close to x, the point g(y) is obtained by taking a closed loop α ∈ L x , lifting this loop to a loop α y in L y and defining g(y) = α y (1). Now since for every y ∈ W the leaf L y is a finite covering of L x , we can proceed analogously and lift α to L y and define g(y) as before. This procedure clearly defines a continuous extension of g to the whole W , with the property that for every point y ∈ W , the points y and g(y) are in the same center leaf.
Our next claim is that for every y ∈ W s (L) the number of points in W ∩ L y is finite. Suppose not: then by compactness of L y we can find a sequence of points in W ∩ L y converging to a point in L y ,and in particular the plaques of W have to accumulate near this limit point. But then using the holonomy along W we conclude that W ∩ L x is also infinite, a contradiction in view of Lemma 6.4.
Consider the group G s x : this group acts in the connected manifold W by homeomorphisms (since every element can be extended globally) and the orbit of every point in W under this action is finite by the previous observation. Then by Theorem 2.9 we conclude that G s x is finite. Now for any other y ∈ W s (L x ), the leaf L x is a covering of L x . This implies that π 1 (L y ) injects into π(L x ), and thus we can identify G Proposition 6.7. Suppose that L x is a f -periodic leaf with finite holonomy. Then W s (L x ) is complete. In particular we conclude that if y ∈ W s (L) then
Proof. We only need to show that W s (L x ) is complete: the second part is a direct consequence of Propositions 6.5 and Proposition 6.4.
Take
Under positive iterations y is will enter this neighborhood, and hence all its center leaf will be contained in
Theorem 6.8. Let f be a dynamically coherent partially hyperbolic diffeomorphism with compact center foliation W c and assume that for every f -periodic center leaf L the manifolds
c is uniformly compact. Conversely assume that f has an invariant uniformly compact center foliation W c . Then
Proof. The first part follows by combining Theorem A and Proposition 6.5. For the second part, by Proposition 6.2 it suffices to show that W c is complete. As W c is uniformly compact, by Theorem 2.7 the space X := M/W c is a compact Hausdorff space, and as was explained in Sect. 5 compact Hausdorff quotients are metrizable. The compatible metric is given by
Fix a leaf L ∈ W c , and consider any other leaf L such that L ∩ W s (L) = ∅. Claim: If > 0 is sufficiently small then there exists some positive integer N such that
For F ∈ X and δ > 0 denote by B X (F, δ) the open ball in X of center F and radius δ. By compactness of X, there exist leaves F 1 , . . . F k and 0 < δ < 2 such that
y ∈ L in the same strong stable manifold. By iterating, we can guarantee that there exists N so that for n ≥ N the leaves f n L, f n L have points whose distance apart is less than the Lebesgue number of the covering
Apply parts (c) and (e) of Theorem 6.1 in [HPS77] with V = ∪ F ∈W c F, i : V → M the natural inclusion, and > 0 sufficiently small so that the exponencial restricted to the -neighbourhood of the zero section
The previous result was proved in [Car10] . The fact that uniform compactness imply dynamical coherence has also been obtained using different methods by C. Pugh [Pug11] and C. Bonatti-D. Bohnet [BB12] .
As far as the author knows, completeness in the context of Partially Hyperbolic Dynamics was first discussed in [BW05] where the case of transitive partially hyperbolic diffeomorphisms in 3-manifolds is studied. There the authors also asked whether for a dynamically coherent partially hyperbolic diffeomorphism the center stable and center unstable manifolds of periodic center leaves were complete. When the center foliation is compact the previous Theorem completely characterizes the answer. Furthermore, one obtains the following consequence.
Corollary 6.9. Assume that f is a dynamically coherent partially hyperbolic diffeomorphism with compact center foliation and such that for every periodic center leaf L the submanifolds W s (L) and W u (L) are complete. Then the same is true for every center leaf (i.e. the center foliation is complete).
Proof. The hypothesis imply, by the first part of the previous Theorem, that W c is uniformly compact. By the second part of the same Theorem, the foliation W c is complete.
7. The one dimensional case: proof of Theorem C
We assume here that f : M → M is a dynamically coherent partially hyperbolic diffeomorphism whose center bundle E c integrates to a foliation of circles. We observe that in this case for any point x ∈ M , the foliations W s |W cs (x) and W u |W cu (x) are codimension one foliations. These type of foliation have many nice properties (c.f. Part 2 in [CC00] ), which in turn will allow us to give a much more precise description than in the general case. In particular, these are C 1 foliations [HP70]:
Next we discuss a classical result of differentiable codimension one foliations due to A. Haefliger. The modifications needed for the C 1 case are discussed in [Fra68] , Lemma 5.1.
Theorem 7.2. Let F be a C 1 codimension one foliation and assume that there exist a homotopically trivial closed transversal. Then there exists a leaf of F with non-trivial holonomy.
Since the leaves of W s and W u are simply connected, we deduce.
We fix x ∈ M such that L x is f -periodic and set N := W cs (x), W := W s (x). Denote by p : ( N , x) → (N, x) the universal covering of N , and lift f and the foliations W c , W s to N . The corresponding lifts will be denoted by a tilde on top of the corresponding letter (for example, f denotes the lift of f ). Proof. Invariance and the first statement follow by lifting the corresponding bundles to N . The fact that W c is foliation by lines is a consequence of from Corollary 7.3.
For the last statement, consider a finite covering U of M by center stable foliation boxes and observe that for every U ∈ U the connected components of N ∩ U are simply connected and approximately of the same size. Since p : N → N is a local isometry which is injective over simply connected sets, we conclude that there exists m > 0 and a covering V of N such that if V ∈ V then (1) diam(V ) > m (2) p : V → p(V ) is one to one. From here follows the last claim.
Observe also that both foliations W c and W s are tangentially orientable (as any foliation on a simply connected space). In particular, for y, z ∈ N with
• y ∈ L z .
• y < z (in the induced order), we will denote by [ y, z] the oriented segment (with respect to the global order) inside the leaf L z .
Lemma 7.5. For any y, z ∈ N , the center leaf L y intersects the stable leaf W c ( z) in one point at most.
Proof. Suppose for the sake of contradiction that there exist two points y, y ∈ L y ∩ W s ( z), and assume that they are successive intersections. By the previous Lemma, after iterating we can assume that both y and y lie inside the same foliation box. It is now easy to modify L y to obtain a closed transversal to the stable foliation W s . But then Haefligers Theorem 7.2 implies that W s has a leaf with non-trivial holonomy, a contradiction with the fact that each stable leaf is simply connected.
Let S := ∪ y∈ L W s ( y), and consider the deck transformation φ which generates the lift p| :
The map φ preserves the foliation W s (c.f. Corollary 1.3 in [Fra68] ) but in principle it is not clear that preserves W c , and this makes the following arguments somewhat more involved.
To simplify, assume that L x is fixed under f . Since the only deck transformation of N that fixes L x is φ we conclude that f and φ commute. Observe that for any y ∈ L x the set [ y, φ( y)] is a fundamental domain for the lift p| L x .
For k ∈ Z denote by
Proposition 7.6. For any y ∈ S we have
Proof. Let η > 0 and denote by H 0 ⊂ W the s-dimensional disc centered in x of radius η > 0. For
, the s-dimensional disc centered in x k of radius η. Claim 1: If η > 0 is sufficiently small then for every k ∈ Z, for every y ∈ H k the center leaf L y intersects H k+1 .
To see this, observe that by continuous dependence of W c on compact sets, if η is sufficiently small then for every y ∈ H 0 the center leaf L y intersects W 1 . Let y be the point of intersection (observe that by Lemma 7.5 the point y is unique).
Fix y ∈ H 0 . Using that W c and W s are uniformly transverse, we conclude that for every z ∈ [ x, φ( x)] the intersection L y ∩ W s ( z) is non empty. This permits to define a continuous map h : [ x 0 , x 1 ] → W s ( y) using the stable holonomy. Since y and y are in the image we conclude that the whole segment [ y, y ] ⊂ L y is in the image, and by Haefliger's Theorem this segment is the unique subset of L y projecting on [ x, φ( x)] (this is the crucial part).
Using that [ x k , x k+1 ] is a fundamental domain for p| L x we obtain that the same statement holds independently of k.
Claim 2: Each leaf of W s separates N into two connected components. By Lemma 7.5 the foliation W s is proper. Since each of its leaves is simply connected, the second claim follows by the results contained in Section 3 of [Hae62] . Now given y ∈ S and M > 0, and since f contracts W s we deduce using the previous two claims that there exists n > 0,
and the interval projects homeomorphically onto [x −M , x M ] by stable holonomy. Since M is arbitrary and the map f preserves both foliations, the Proposition follows.
Corollary 7.7 (Theorem C). Suppose that for every periodic leaf L the fundamental group of L cs , L cu is cyclic. Then W c is uniformly compact.
Proof. Take a f -periodic leaf L. Using the notation of the previous Proposition we see that the only deck transformation of N is the map φ. By the structure of N given above, we conclude that N is saturated by the center foliation, hence N is complete. Similarly the center unstable leaf that contains L is complete. By Theorem 6.8, W c is uniformly compact.
Remark 8. Observe that the hypothesis in Theorem C are necessary. For, if W c is uniformly compact and L is f -periodic, by completeness (Theorem 6.8) both L cs , L cu retract onto L.
If the dimension of M ≤ 5, A. Gogolev proved that the hypothesis of Theorem C are unnecessary and for a (dynamically coherent) partially hyperbolic diffeomorphisms f : M → M with compact center foliation, the later is always uniformly compact. In particular there are no Sullivan-type examples in the partially hyperbolic context. See [Gog11] . Now assume that W c is uniformly compact and fix a f -periodic leaf L x . The arguments given in this section allow us to define T :
Proposition 7.8. The map T : N → L x × W is an homeomorphism which sends W c to the horizontal foliation { L x × {w}} w∈ W and W s to the vertical foliation
Proof. To prove that T is injective, it suffices to show that if y ∈ L and we lift W s (y) to W s ( y) with y ∈ L x then p| : W s ( y) → W s (y) is one to one. Note that since N is complete, Lemma 6.6 implies that the leaf W s (y) is closed inside N . Consider a embedding ϕ : R s → N with image W s (y), and lift this map to 
is one to one. The rest is clear.
Remark 9. It is known in general that if X is an n + 1 open manifold foliated by ∞ foliation whose leaves are homeomorphic to R n , then its universal covering is homeomorphic to R n+1 [Pal78] . We present the proof of the previous Proposition since the arguments are much less involved and we get an improvement in the assumption of the regularity of the foliation. Proof. Consider a f -periodic leaf L x and with no loss of generality assume that it is fixed. Since the fundamental group of L x is finitely generated, given s > 0 there exist finitely many homotopy classes [α] ∈ π 1 (L) with representatives whose length is less than equal s. We define the length of
where α is a C 1 loop at x. The holonomy representation of [α] is given by a local homeomorphism g : W → W . We claim that we can extend g continuously to the whole transversal W . Let δ > 0 be the number given in the definition of Lyapunov stability which corresponds to = 1 and consider k > 0 such that len(α) < kδ. Hence for every n ≥ 0 we have len(f n α) < k. Since L x is compact, there exists η > 0 such that for every y ∈ L x the holonomy maps at y corresponding to loops of length smaller than equal to k are defined in a disc of size at least η (compare Lemma 5.4). Observe then that it is easy to see that we can extend the domain of g to a disc of size λ −1 η, being λ = df |E s . To extend g to the disc D λ −1 η (x) we iterate by f , apply the holonomy corresponding to f * ([α]) in the disc D η (f x) and pre-iterate back by f . Clearly this defines a continuous extension of g to D(x, λ −1 η). The same argument shows that we can extend g to the whole W . Thus the holonomy group G s x is represented by a group H W of global homeomorphisms of the connected manifold W . Now we observe that the H W -orbit of every y ∈ W is finite. Assume by contradiction that there exist infinitely many points in (y i ) i in L y ∩ W and take a A covering of L x by foliation boxes from W c . Let > 0 be much smaller than the sizes of the plaques of A and consider ρ the number associated to given in the the definition of Lyapunov stability. Since L y is compact there exists some accumulation point of (y i ) i , and in particular there exist y i , y j ∈ L y ∩ W satisfying d(y i , y j ) < ρ. Join these points by a C 1 curve β and observe that under iterations these points approach L x . But for a high enough iterate the points f n (y i ), f n (y j ) are in different plaques of f n L y , although its distance is less than . This is a contradiction by the election of . We finally apply Theorem 2.9 to conclude that H W is finite, and thus G s x is finite.
Lyapunov stability is satisfied for example when there exist some constant C > 0 such that
Definition 15. A partially hyperbolic diffeomorphism f is called center isometric if for every
In this case f is dynamically coherent [Bri03] . From the previous observation and Theorem D we deduce.
Theorem 8.2. Let f : M → M be a center isometric partially hyperbolic diffeomorphism whose center foliation W c is compact. Then W c is uniformly compact.
Concluding Remarks
The fact of the center foliation of a partially hyperbolic diffeomorphism being uniformly compact has implications both on the geometry of the foliation and on the dynamics of the corresponding map. We give here a brief discussion of some of these consequences.
A dynamically coherent partially hyperbolic diffeomorphism is f is said to be plaque expansive if there exist > 0 such that if {x n } n∈Z , {y n } n∈Z are two pseudo-orbits subordinated to the center foliation 4 satisfying for every n ∈ Z d(x n , y n ) < then x 0 ∈ W c (y 0 ). As explained in [HPS77] , the fact that f is plaque expansive implies that the pair (f, W c ) is stable in the following sense: there exist a
(1) g is partially hyperbolic and plaque expansive. In the case when W c is uniformly compact it is not too hard to prove that f is plaque expansive. This is achieved by applying Reeb's Stability Theorem as in the proof of Theorem 6.8). See Proposition 13 in [PSW12] For example if (φ t ) t is a flow on M without singularities, then the foliation induced by the orbits of (φ t ) t is of uniform type. More generally, if G is a Lie group acting on M and the action is effective and locally free then the orbit-foliation is of uniform type. Proof. This follows from the proof of Theorem 6.8: if L ∈ W s (L), then by some positive iterate n both leaves f n (L) and f n (L ) are in the same Reeb neighborhood, where by the discussion of Section 2 all leaves have the same universal covering. Apply f −n to obtain the claim. Similarly for L ∈ W u (L).
Corollary 9.3. Let f : M → M be a partially hyperbolic diffeomorphism with uniformly compact center foliation W c and assume either that
(1) f is centrally transitive, meaning that there exists a center leaf L whose orbit is dense, or (2) f is accessible, meaning that given x, y ∈ M there exists a piecewise C 1 curve c : [0, 1] → M whose tangent is always contained in E s or E u and such that c(0) = x, c(1) = y.
Then W c is of uniform type.
The proof is clear.
To conclude, we consider a partially hyperbolic diffeomorphism f : M → M with uniformly compact center foliation W c , and denote by X = M/W c and g : X → X the map induced by f . It is proven in [BB12] (Theorem 2) that g has the pseudo-orbit tracing property, meaning that any sufficiently small g-pseudo-orbit can be shadowed by a true orbit, although the orbit may not be unique (c.f. the example after Proposition 4.1). An improvement of this result can be obtained in the following case:
Theorem 9.4. Assume furthermore that E u is one dimensional and that the center foliation is without holonomy. Then X is a c-dimensional torus and g is conjugate to a linear Anosov diffeomorphism. This Theorem was obtained by A. Gogolev [Gog11] and C. Bonatti-D. Bohnet [BB11] . The later two authors also announced the possibility of removing the condition of trivial holonomy after passing to a finite covering of the manifold.
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Appendix: Reeb's Stability Theorem
Let F be a C 1,0 codimension q foliation on a manifold M , and E a locally compact saturated set of M . We use the notation explained in Section 2, and in particular for a leaf L x we denote by p x : W x → L x the differentiable bundle of q-open discs D(y) = p −1 x (y). Here we discuss the following result.
Theorem 9.5 (Reeb's Stability Theorem). Assume that x ∈ E is such that its leaf L x is compact and G x |E is finite. Then there exist arbitrarily small relatively open sets U ⊂ E such that
(1) U is saturated, and if V := U ∩ D(x) there exist a finite covering L of L x such that U is homeomorphic to a suspension L × Gx|E V by an homeomorphism which sends F|U to the horizontal foliation { L x × {v}} v∈V . (2) For every y ∈ U the map p| : L y → L x is a covering map with less than equal |G x |E| number of sheets. In particular for every y ∈ U the group G y |E is finite.
The version given above follows from the general version due to C. Ehresmann and W. Shih [ES56] . Nonetheless, for the context discussed in this article (and probably for general normally hyperbolic foliations [HPS77] ) the restricted case is enough. We will sketch the proof of the result since its derivation from Ehresmann-Shih article is not very direct. The arguments are an adaptation of Proposition 2.8 in [Vog94] . We stress here that the proof depends on the existence of a tubular neighbourhoods on the leaf L x . Lemma 9.6 (Prop 4.1, III in [EMS77] ). In the hypothesis above there exist arbitrarily small neighbourhoods V ⊂ D x where the holonomy group is represented by a group H V of homeomorphisms of V .
Proof. Consider a finite family of local homeomorphism {h i : V i ⊂ D(x) → D(x)} whose germs represent the holonomy group G x |E. For each pair on indices i, j let k = k(i, j) be the unique index such that germ x (h k ) = germ x (h j ) • germ x (h i ). Since we are only interested in the germs, it is not loss of generality to assume that
i V j and g i := h i and observe that the group H V = {g i } is isomorphic to G x |E. Now for V sufficiently small, its saturation U = sat(V ) ∩ E in E is contained in W , and by continuity of the foliation one deduces that U can be taken arbitrarily small.
Reeb's Stability Theorem. Fix V as in the previous Lemma and set U := sat(V ) ∩ E. As explained in Section 2, the holonomy representation splits as
and if we denote by ρ : ( L, x) → (L x , x) the covering corresponding to ker φ, then H V is isomorphic to its deck transformation group. For α ∈ π 1 (L x ) let g α ∈ H V the holonomy map that it determines, and for [α] ∈ π 1 (L, x)/Ker(ψ) = H V ] let T [α] be the covering transformation of L that it represents. The group H V acts on the space X by:
The action is well defined since if [α] = [β] ∈ H V then αβ −1 ∈ Ker(ψ) and hence g α (v) = g β (v). Now if (l, v) ∈ X we take a path α l : [0, 1] → L such that α l (0) = x, α l (1). Then ρ(α l ) is a path in L and we lift this path using p to a path β l,v in L v with starting point v.
Claim: If α l is any other path in L joining x and l, and we denote by β l,v the corresponding path in L v obtained by the previous procedure, then β l,v (1) = β l,v (1).
This follows since α l α −1 is a loop at x, hence ρ(α l α −1 ) ∈ ker φ. We now define the map k : X → U by k(l, v) = β l,v (1). Using that L is a nice space (in particular locally simply connected) one verifies that k is continuous, and with not too much effort one can show that k is surjective. Observe that for y, z ∈ L x the holonomy transport between D(y) and D(z) is an open map (this follows since E is locally compact), and this implies that k is open. Finally note that k is constant precisely on orbits of the action of H V , hence it induces an homeomorphism K : L × H V V → U . The rest of the claims follows from this.
